We study the formation of off-axis optical vortices propagating inside a double-Raman gain atomic medium. The atoms interact with two weak probe fields as well as two strong pump beams which can carry orbital angular momentum (OAM). We consider a situation when only one of the strong pump lasers carries an OAM. A particular superposition of probe fields coupled to the matter is shown to form specific optical vortices with shifted axes. Such off-axis vortices can propagate inside the medium with sub-or superluminal group velocity depending on the value of the two-photon detuning. The superluminal optical vortices are associated with the amplification as the energy of pump fields is transferred to the probe fields. The position of the peripheral vortices can be manipulated by the OAM and intensity of the pump fields. We show that the exchange of optical vortices is possible between individual probe beams and the pump fields when the amplitude of the second probe field is zero at the beginning of the atomic cloud. The model is extended to a more complex double Raman doublet interacting with four pump fields. In contrast to the double-Raman-singlet, now the generation of the off-axis sub-or superluminal optical vortices is possible even for zero two-photon detuning.
I. INTRODUCTION
Electromagnetically induced transparency (EIT) [1, 2] is an optical effect in which the susceptibility of a weak probe field is modified for an optically thick three-level Λ atomic system. The medium becomes transparent for the probe transition by applying a stronger control field driving another transition of the Λ system. A number of important phenomena [3] [4] [5] [6] rely on the EIT, including adiabatons [7] [8] [9] , matched pulses [10, 11] , giant optical nonlinearities [9, [12] [13] [14] [15] and optical solitons [16, 17] . Due to the EIT the light pulses can be slowed down [1, 2, [18] [19] [20] [21] [22] [23] [24] and also stored in the atomic medium by switching off the controlled laser [19, [25] [26] [27] [28] . This can be used to store the quantum state of light to the matter and back to the light leading to important applications in quantum technologies [19, 29, 30] .
In parallel, there have been important efforts dedicated to the superluminal propagation of light pulses in coherently driven atomic media [31] [32] [33] [34] . An anomalous dispersion leading to the superluminal propagation can be naturally obtained within the absorption band medium [35] or inside a tunnel barrier [36] . Yet such a superluminal propagation is hardly observed due to losses [35] . Some novel approaches have been proposed to utilize transparent spectral regions for fast light [37] [38] [39] [40] [41] . Specifically, it was shown that a linear anomalous dispersion can be created in a Raman gain doublet and therefore distorsionless pulse propagation is possible [38] .
Vortex beams of light [42] [43] [44] representing an example of the singular optics, are of the fundamental interest and offer many applications [6, 23, . The optical vortices are described by a wave field whose phase advances around the axis of the vortex, and the associated wavefront carries an orbital angular momentum (OAM) [42] [43] [44] . The phase of the on-axis optical vortices advances linearly and monotonically with the azimuthal coordinate reaching a multiple of 2π after completing a closed circle around the beam axis. When two twisted beams each carrying an optical vortex are superimposed, the resulting beam contains new vortices depending on the charge of each vortex component [60, [66] [67] [68] . Besides the on-axis vortices, the off-axis optical vortices can be formed for which the vortex core is not on the beam axis but moves about it [68] [69] [70] [71] [72] .
In this article we propose a scenario for formation of off-axis optical vortices in a four-level atom-light coupling scheme. We consider a double-Raman gain medium interacting with two weak probe fields, as well as two stronger pump laser beams which can carry the OAM. A specific combination of the probe fields is formed with a definite group velocity determined by the two-photon detuning. Note that the individual probe beams do not have a definite group velocity when propagating inside the medium. If one of the pump laser beams carries an optical vortex, the resulting superposition beam exhibits off-axis vortices propagating inside the medium with a sub-or superluminal group velocity depending on the two-photon detuning. The position of the peripheral vortices around the center can be manipulated by the OAM and the intensity of the pump fields. It is shown analytically and numerically that the OAM of the pump fields can be transferred to the individual probe beams when the amplitude of the second probe field is zero at the beginning of the medium. We also extend the model to a more complex double Raman doublet scheme interacting with four pump fields.
The paper is organized as follows. In the next Section we consider the light propagation using a double Raman scheme and show that off-axis optical vortices with either slow or fast light properties can be created. In Section III we extend the model by considering formation of the off-axis optical vortices occurring under the slow or fast light propagation in the double Raman doublet scheme. Our results are summarized in Section IV.
II. THE DOUBLE-RAMAN SCHEME
Let us consider propagation of two probe fields in an atomic medium with the Raman gain described by the double Raman scheme illustrated in Fig. 1 . The atoms forming the medium are characterized by two hyperfine ground levels R and Y and two electronic excited levels U 1 and U 2 . The quantum state of the atoms is described by the probability amplitudes Ψ R (r, t), Ψ Y (r, t), Ψ U1 (r, t), and Ψ U2 (r, t) normalized to the atomic density n:
The atoms interact with two weak probe fields with slowly varying amplitudes P 1 and P 2 , as well as two strong pump lasers. The Rabi frequencies of the pump fields can be generally expressed as
where
is a fundamental Gaussian beam for l j = 0, while it describes a Laguerre-Gaussian (LG) doughnut beam when l j = 0.
Here ϕ is the azimuthal angle, r describes the cylindrical radius, w denotes the beam waist parameter, and |Ω cj | (j = 1, 2) is the strength of the pump beam. The atoms are assumed to be initially in the ground level (Raman level) R. The Rabi frequency and duration of the probe pulses are small enough, so that the depletion of the ground level R is neglected. We work under the four-photon resonance condition ω p1 − ω c1 = ω p2 − ω c2 , where ω p1 and ω p2 are the frequencies of the probe beams, and ω c1 and ω c2 are the frequencies of the pump beams.
After introducing the slowly varying atomic amplitudes we obtain the following equations for slowly varying probe fields
where α 1 = µ 1 ω p1 /2ε 0 , α 2 = µ 2 ω p2 /2ε 0 denote the coupling strength of the probe beams with the atoms, while µ 1 and µ 2 represent the dipole moments for the corresponding atomic transitions. It should be noted that the diffraction terms containing the transverse derivatives have been neglected in the Maxwell equations (3) and (4). These terms are negligible if the phase change of the probe fields due to these terms is much smaller than π [23, 59, 60] .
Assuming that the strength of the coupling of the probe fields with the atoms is the same α 1 = α 2 = α, one arrives at the following equations for the slowly varying atomic amplitudes
represents the two-photon detuning and Γ is the decay rate of the level Y . Here, ω U1 , ω U2 , and ω Y are energies of the atomic states U 1 , U 2 and Y , respectively. We consider the case of monochromatic probe beams with the time-independent amplitudes P 1 and P 2 and the spatially homogeneous atomic amplitudes Φ R , Φ Y , Φ U1 , and Φ U2 . We will look for the stationary solutions characterized by the time-independent atomic amplitudes Φ R , Φ Y , Φ U1 , and Φ U2 , giving
For a large one-photon detuning δ 1f (δ 1f |δ 2f − iγ| α 2 |P 1,2 | 2 ), Eqs. (10) and (11) give
Substituting Eqs. (13) and (14) into Eq. (12) yields
Using Eqs. (13)-(15) the propagation equation for both probe fields P 1 and P 2 (Eqs. (8) and (9)) take the form
We now introduce new fields representing superpositions of the original probe beams
is the total strength of the control fields. Calling on Eqs. (19) and (20), one can rewrite Eqs. (16) and (17) as
This behavior of the modes ψ and ξ is similar to propagation in double-lambda system. Eqs. (22) and (23) clearly show that one of the superposition fields ψ interacts with the atoms while another field ξ does not interact and propagates as in the free space. The solution of Eq. (22) reads
determines the characteristic length related to the decay of the excited level Y . The group velocity of the light given by Eq. (25) can be calculated as
Equation (27) is very similar to group velocity in a Raman system with single probe beam. Clearly, when Γ < δ 2f the group velocity exceeds c providing the superluminality. On the other hand, the slow light propagates in the medium when Γ > δ 2f (ν g < c ). In particular, the superluminal propagation is associated with the amplification since the energy of pump fields is transferred to the probe fields. This can be easily seen from the fact that the coefficient κ in Eq. (24) is a complex number. In the following we consider a case where the first pump field Ω c1 is a vortex l 1 = 0, while the second pump field is a non-vortex Gaussian beam with l 2 = 0. We have made such an assumption to avoid the zero denominator when r → 0 in Eq. (25) if l 2 = 0. Numerical simulations presented in Figs. (2)- (7) show the superposition beam given by Eq. (25) in a transverse plane of the beam at z = L Γ . Figure 2 (4) displays the numerical results of the intensity distributions of the superposition beam ψ when the twophoton detuning is larger (smaller) than Γ corresponding to superluminal (subluminal) propagation of superposition pulse inside the medium, and for different vorticities l 1 = 1 − 6. Figure 3 The resulting beam is seen to have a very particular shape. The center of the superposition beam contains no vortex and is surrounded by l 1 singly charged peripheral vortices of sign l 1 /|l 1 |. The peripheral vortices are distributed at angles
with an approximate radial distance to the beam center where n = 1...2|l 1 | is an integer for each peripheral vortex [68] . The off-axis vortices are placed at the same radial distance from the core of the superposition beam. Such images of the subluminal or superluminal vortices appear as two initial pump beams with different azimuthal indices l 1 = 0 and l 2 = 0 are superimposed leading to formation of the off-center vortices with shifted axes. To elucidate this better, let us consider Fig. 3(f) which is plotted for l 1 = 6. Note that we have considered a case where the strength of both coupling beams are the same (|Ω c1 | = |Ω c2 | = Γ). Region A is dominated by the vortex beam with Ω c1 and l 1 = 6, while the inner region B is dominated by the Gaussian beam Ω c2 with l 2 = 0. The peripheral vortices are located precisely at the boundary between the two regions which is a circle of the radius r p .
Comparing Figure 7 illustrates the effect of the strength of pump beams |Ω c1 | and |Ω c2 | on intensity distributions and the corresponding helical phase patterns. We plot only the case of the superluminality (δ 2f = 4Γ), as the results are very similar to the subluminal case. It is apparent from Fig. 7 (a, b) that the peripheral vortex shifts toward the center of the beam when |Ω c1 | > |Ω c2 | while it moves away from the core when |Ω c1 | < |Ω c2 | (see Fig. 7 (c, d) ). As can be seen from Eq. (29), when |Ω c1 | > |Ω c2 | ( |Ω c1 | < |Ω c2 |), the radius r p reduces (increases) and the position of the peripheral vortex moves radially in (out).
A. Exchange of optical vortices
We will now assume that only one probe field P 1 is initially incident on the atomic cloud z = 0 (P 1 (0) = P). The amplitude of the second probe field is zero at the beginning (P 2 (0) = 0). In this case, Eqs. (19) and (20) reduce to 1 (c, d) , l1 = 2, l2 = 0 (e, f), l1 = 0, l2 = 1 (g, h) and l1 = 4, l2 = 0 (i, j), l1 = 0, l2 = 4 (k, l). Here δ 2f = 4Γ and the other parameters are the same as Fig. (2) .
The electric fields of the probe beams inside the atomic cloud can be obtained from the fields ψ and ξ as
where κ is given by Eq. (24) . The intensity distributions and the corresponding helical phase pattern of the generated second probe vortex beam are shown in Fig. 8 for δ 2f = 4Γ and different topological charge numbers. A doughnut intensity profile is observed with a dark hollow in the center. The phase jumps from 0 to nπ around the singularity point. As Eq. (33) shows, the generated field contains a phase factor of e i(l2−l1) . If the first pump field is a vortex but the second one is a non-vortex beam, the generated probe field acquires a vortex of charge −l 1 . On the other hand, if only the second pump beam is a vortex with the charge l 2 , the generated probe beam has a vorticity l 2 .
III. THE DOUBLE RAMAN DOUBLET SCHEME
In this section we present a more favorable scenario for the generation of off-axis vortices. We consider a situation where four strong pump beams act on the atomic ensemble ( Fig. (9) ). This situation corresponds to a Raman doublet for each of the probe beams.
We assume four-photon resonances ω c11 − ω p1 = ω c21 − ω p2 , ω c12 − ω p1 = ω c22 − ω p2 , where ω c11 ,ω c12 , ω c21 and ω c22 are frequencies of the pump beams. To describe the propagation of the probe beams in the medium, we separate the atomic amplitudes into two parts oscillating with different frequencies: Ψ Y = Ψ Y1 + Ψ Y2 , Ψ U1 = Ψ U11 + Ψ U12 and Ψ U2 = Ψ U21 + Ψ U22 . Recalling the slowly changing amplitudes and neglecting the terms oscillating with a large frequency 2δ = ω c12 − ω c11 = ω c22 − ω c21 , the equations for the matter fields read
is an average one-photon detuning and
) denotes an average two-photon detuning. Equations (34)- (37) give the following equations for the propagation of the probe fields
We consider a particular situation in which
Defining the generalized quantities
and introducing new fields representing superpositions of the original probe fields
reduce Eqs. (38) and (39) to Eqs. (22) and (23) with
Again, the field ξ does not interact and propagates as in free space, while the new field ψ interacts with the atoms. Assuming
and δ 2f = 0, one finds
Thus for δ > Γ (δ < Γ) the group velocity is larger (smaller) than c providing superluminal (superluminal) propagation. In addition, according to the Eq. (45) , the generated fast light experiences again amplification. We see that, in contrast to the double-Raman scheme, we have sup-or superluminal propagation even for zero two-photon detuning δ 2f = 0. In order to have off-axis optical vortices satisfying Eqs. (40) , (41) , (42) , (46) and to avoid zero denominator at the core in ψ(z) = ψ(0)e iκz , we can consider l 11 = −l 22 = l = 0 (i.e. Ω c11 and Ω c22 are vortices) but l 21 = l 12 = 0 (i.e. Ω c11 and Ω c22 are non-vortex Gaussian beams). Let us assume that only one probe field P 1 is incident on the atomic cloud (P 1 (0) = P). The amplitude of the second probe field at the beginning of the atomic cloud z = 0 is zero (P 2 (0) = 0). In this case, Eqs. (43) and (44) reduce to
The electric fields of the probe beams inside the atomic cloud can be obtained from the fields ψ and ξ as P 1 (z) = 1 + E 2 c11 (r) E 2 c (r) (e iκz − 1) P,
with κ featured in Eq. (45) . Exchange of optical vortices with opposite vorticity is now possible between the pump field Ω c11 and the generated probe field P 2 even for zero two-photon detuning δ 2f = 0.
IV. SUMMARY
We have investigated the formation of off-axis vortices with shifted axes in a double-Raman gain medium interacting with two weak probe fields as well as two stronger pump lasers which can contain an optical vortex. In such a medium only a particular superposition of the probe fields is coupled with the atoms, while an orthogonal combination of the probe fields does not interact with the atoms and propagates as in the free space. Assuming that one of the pump fields is a vortex, depending on the two-photon detuning, the superposition off-axis vortex beam can propagate either with the slow or the fast group velocity. One can control the position of the peripheral vortices by the vorticity and intensity of the pump fields. The model for creation of the off-center fast and slow light vortices can also be generalized to a more complicated double Raman doublet with four pump fields. A possible experimental realization of the proposed scheme for off-axis optical vortices can be implemented for an atomic cesium vapor cell at the room temperature. All cesium atoms are to be prepared in the ground-state hyperfine magnetic sublevel 6S 1/2 , |F = 4, m = −4 serving as the level R in our scheme. The magnetic sublevel 6S 1/2 , |F = 4, m = −2 corresponds to the level Y . Also, the levels 5P 3/2 , |F = 4, m = −3 and 6P 1/2 , |F = 4, m = −3 are excited levels U 1 and U 2 , respectively [41] .
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